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Abstract
In this work we obtain all the allowed values of the angular momentum and parity for two
massless non-Abelian fields. In particular, we show that, unlike the two photons system, two
gluons can be in a state with JP = 1±, (2k)−, and (2k + 1)−, k ≥ 1. This is a general result since
it was obtained using only the laws of addition of the angular momentum.
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I. INTRODUCTION
That a stationary system with spin-1 cannot decay into two photons was noted for the
first time by Landau [1] and, independently, by Yang [2]. This is now known as the Landau-
Yang (LY) theorem. So far it has been assumed that the theorem should be valid also for
non-Abelian theories such as QCD. Hence, the formation of spin-1 hadron was considered
either by using off-shell gluons or three gluons, i.e., gg → χc,b(1
+) is not allowed if the LY
theorem is valid [3]. However, although recently it has been shown that the spin-1 state is
allowed for the two gluon system [4, 5], nothing was said about other odd values for the spin
nor about the parity of these states.
Here we will shown that the same arguments that forbid a two photon system to be
in a spin-1 state, allow that two on-shell gluons to have this value of spin. Moreover, we
will obtain for the first time, in the context of a non-Abelian group, all the allowed (and
forbidden) values of the angular momentum and parity (JP ) for the system of two massless
non-Abelian vector fields. These results are obtained using only the rules for addition of
angular momentum and other well-known basic physics assumptions and, for this reason,
our results do not depend on the model. Hence, although they are valid for a non-Abelian
arbitrary group, we will have in mind SU(n), in particular quantum chromodynamic (QCD)
when n = 3. The explicit and implicit hypotheses on which the Landau-Yang theorem is
based were discussed in Ref. [6].
The wave functions of the system formed by two non-Abelian massless vector fields are
represented by tensors of SU(n) with indices denoted by a, b, which are also Lorentz second
rank tensors in the spacial coordinates i, j. Hence, we denote these tensors as Gabik and they
include the angular momentum part written in terms of spherical harmonics, and is also
bilinear in the components of each vector field.
The assumptions we will use are the following: Rotational invariance i.e., the conservation
of the angular momentum, and the tensor Gabik is a function only of nˆ defined as ~r2−~r1 = nˆr,
and r is fixed. Although the division of the total angular momentum into the spin and
orbital angular momentum, J = S + L, has no physical meaning for massless particles, it
can be used just as a mathematical trick [1]. Moreover, since gluons are on-shell, they satisfy
the transversality conditions:
Gabik(nˆ)nk = 0, G
ab
ik(nˆ)ni = 0. (1)
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A two gluon system is a bosonic system, under the permutation of the color and spacial
indices( and also doing nˆ→ −nˆ), hence the total wave function must be symmetric,
Gabik(nˆ) = G
ba
ki(−nˆ). (2)
The tensor Gabik(nˆ) can be written as the sum of two tensors, one being symmetric and
the other antisymmetric in the color indices,
Gabik(nˆ) = G
{ab}
ik (nˆ) +G
[ab]
ik (nˆ). (3)
The parity of each states is determined by how the respective tensor behaves under
nˆ → −nˆ, while the spin of a two-gluons system is determined by the range of the Lorentz
tensor (scalar, vector, second rank tensor,...), and the orbital angular momentum by the
order of the spherical harmonics describing the states [1]. Finally, we will work in the center
of momentum frame of the gluons i.e., ~p1 + ~p2 = 0. Using the above assumptions we will
obtain all the values, allowed and forbidden, of the parity and angular momentum of the
two-gluons system.
Below, we will consider separately the two cases: i) when the system is symmetric in the
color indices, G
{ab}
ik (nˆ) and, ii) when it is anti-symmetric, G
[ab]
ik (nˆ).
II. TWO-GLUONS IN A SYMMETRIC COLOR STATE
First let us consider the case when the tensor is symmetric in a, b, and the tensor is
written as a sum of a symmetric and a anti-symmetric tensor in the Lorentz indices:
G
{ab}
ik (nˆ) = S
{ab}
ik (nˆ) + A
{ab}
ik (nˆ), (4)
and from (1) it follows
G
{ab}
ik (nˆ)nk = 0, G
{ab}
ik (nˆ)ni = 0. (5)
To be consistent with (2), we have that A
{ab}
ik (nˆ) = −A
{ab}
ik (−nˆ) and the states build from
this tensor have odd parity, but S
{ab}
ik (nˆ) = S
{ab}
ik (−nˆ), and now the respective states have
positive parity.
Let us begin by obtaining the states that can be build from the anti-symmetric Lorentz
tensor, A
{ab}
ik (nˆ). Since in three dimensions an antisymmetric tensor A
{ab}
ik (nˆ) is dual to
a vector A
{ab}
l (nˆ) (or
~A{ab}(nˆ)), we can write A
{ab}
l (nˆ) = (1/2)εlikG
{ab}
ik (nˆ). Taking into
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account the conditions in Eq. (1) we have that ~A{ab} × nˆ = 0 or, that the vector ~A{ab}
is proportional to nˆ : ~A{ab}(nˆ) = φ{ab}(nˆ)nˆ, where φ{ab}(nˆ) is a Lorentz scalar function
φ{ab}(nˆ) = φ{ab}(−nˆ). The vector character of A
{ab}
i (nˆ) explains its odd parity and the true
tensor character is given by the scalar φ{ab}(nˆ) that is, the states from A
{ab}
ik (nˆ) have spin
S = 0 and J = L even. Thus, from this tensor the only states allowed are those with
JP = 0−, (2k)−, (6)
while states with JP = 1−, (2k + 1)− are strictly forbidden, here and below k ≥ 1.
On the other hand, the symmetric tensor S
{ab}
ik (nˆ) allows states with even parity and are
written in terms of spherical harmonic of even order. This tensor can be decomposed as
follows (the trace is only over the spacial indices): S
{ab}
ik (nˆ) = TrS
{ab}
ij (nˆ) + S
′{ab}
ik (nˆ)
with Tr S
′{ab}
ik (nˆ) = 0. The states from TrS
{ab}
ij (nˆ) have spin S = 0 and J = L even:
JP = 0+, (2k)+. From S
′{ab}
ik (nˆ) the states have spin S = 2 and L even. For even J 6= 0 the
satates allowed are three with J − 2, J, J + 2; for odd J 6= 1 the satates have J − 1, J + 1.
When J = 0, 1 the only state have L = 2. Hence all the states that can be built, in principle,
from the symmetric tensor are:
JP = 0+, (2k)+, from TrS
{ab}
ik ,
nJP = 0+, 1+, 3(2k)+, 2(2k + 1)+, from S
′{ab}
ik . (7)
Moreover, we have to take into account the conditions in Eq. (5), i.e., the orthogonality
between S
{ab}
ik (nˆ) and nˆ. It means that we have to exclude those states corresponding to
a symmetric second rank tensor that is parallel to the vector nˆ, and which can be written
as s
{ab}
ik (nˆ) = B
{ab}
i (nˆ)nk + B
{ab}
k (nˆ)ni, with B
{ab}
i (nˆ) being a vector (it changes sign under
nˆ → −nˆ) has S = 1 and odd L, with the states of even parity. This means that for even
J 6= 0 we have two states with J − 1, J +1; for odd J we have J = L. When J = 0 we have
only L = 1. Hence, the states allowed by s
{ab}
ik are
nJP = 0+, 1+, 2(2k)+, (2k + 1)+. (8)
After subtracting from the states in Eq. (7) the states in (8), we see that only states with
JP = 0+, 2(2k)+, (2k + 1)+, (9)
can be built from the symmetric tensor, S
{ab}
ik (nˆ). The states 1
−, 1+, and (2k + 1)− are
completely forbidden for the two-gluon system when the system is symmetric in the color
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indices. These results are summarized in the second line of the Table. In the first line of
the Table we show the angular momentum and parity allowed for the states of two-photon,
obtained by the same arguments, and we see that these coincide with those of the two-gluon
system when the latter system is symmetric in the color indices.
Notice that these arguments has nothing to do with the existence, or not, of a direct
interactions of the two gluons with a decaying system. In fact, in the well known cases of an
scalar JP = 0+ and a pseudo-scalar JP = 0−, the connection with the two photon system
is through charged fermion loop effects: the Higgs boson h → γγ, and the pion π0 → γγ,
respectively.
III. TWO-GLUONS IN AN ANTI-SYMMETRIC COLOR STATE
Now, let us consider the case when the two-gluon system is anti-symmetric in the color
degrees of freedom. As in the previous case the wave functions do not change sign when the
gluons are permuted in all their indices, and also nˆ→ −nˆ:
G
[ab]
ik (nˆ) = G
[ba]
ki (−nˆ). (10)
However, since the values of the angular momentum of the system depend only on the spacial
indices, it is necessary to take into account only the spacial indices, then
G
[ab]
ik (nˆ) = −G
[ab]
ki (−nˆ), (11)
and the system also must satisfy the transversality conditions, from Eq. (1):
G
[ab]
ik (nˆ)nk = 0, G
[ab]
ik (nˆ)ni = 0. (12)
The tensor G
[ab]
ik can be written as a sum of a symemtric and anti-symmetric tensor in the
indices i, k,
G
[ab]
ik (nˆ) = S
[ab]
ik (nˆ) + A
[ab]
ik (nˆ). (13)
and the transversality conditions in Eq. (12).
In this case A
[ab]
ik (~n) = +A
[ab]
ik (−~n) and S
[ab]
ik (~n) = −S
[ab]
ik (−~n). Thus, under a parity
transformation, the states related to S
[ab]
ik (nˆ) are odd, and those related to A
[ab]
ik (nˆ) are even.
Now, the dual of the tensor A
[ab]
ik (nˆ) is a pseudo-vector, A
[ab]
l (nˆ) = +A
[ab]
l (−nˆ). By
similar arguments to those in the previous case, we can show that this tensor is writ-
ten as ~A[ab](nˆ) = φ
[ab]
P (nˆ)nˆ, where φ
[ab]
P (nˆ) is now a Lorentz pseudo-scalar function
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i.e., φ
[ab]
P (nˆ) = −φ
[ab]
P (−nˆ). The pseudo-vector character of A
[ab]
i (nˆ) explains its even parity
and the true tensor character is given by the pseudo-scalar φ
{ab}
P (nˆ) that is, the states from
A
{ab}
ik (nˆ) have spin S = 0 and J = L odd. Then, the wave functions allowed from A
[ab]
ik (~n)
have
JP = 1+, (2k + 1)+, (14)
while JP = 0±, 1−, (2k + 1)− are completely forbidden from this tensor.
Next, let us consider the symmetric tensor S
[ab]
ik (nˆ) whose states have now odd parity,
as can be seen from Eq. (11), thus they may be expanded in terms of spherical harmonics
of odd order L. As before, we use the decomposition S
[ab]
ik (nˆ) = TrS
[ab]
ik (nˆ) + S
′[ab]
ik (nˆ) with
TrS
′[ab]
ik (nˆ) = 0. The states from TrS
[ab]
ik (nˆ) have S = 0 and J = L then J is odd and the
allowed wave functions can have JP = 1−, (2k + 1)−. The states from the traceless S
′[ab]
ik (nˆ)
correspond to spin S = 2 and odd L. We have that: i) for even J 6= 0 there are two possible
states J − 1, J + 1 i.e., nJP = 2(2k)−, and for odd J 6= 1 we have J − 2, J, J + 2, i.e.,
nJP = 3(2k + 1)−. Finally, for J = 0, 1, L = 2 i.e., JP = 0−, 1−. Thus, the wave functions
up to this moment can have:
JP = 1−, (2k + 1)− from TrS
[ab]
ik ,
nJP = 0−, 1−, 2(2k)−, 3(2k + 1)− from S
′[ab]
ik . (15)
However, because of the conditions in Eq. (12), we have to exclude from S
′[ab]
ik , the states
obtained from the Lorentz second rank pseudo-tensor that are parallel to nˆ and having odd
parity. They are of the form s
[ab]
ik (nˆ) = V
[ab]
i (nˆ)nk+V
[ab]
k (nˆ)ni, where V
[ab]
i (nˆ) is a axial-vector,
V
[ab]
i (~n) = +V
[ab]
i (−~n) and s
[ab]
ik (nˆ) = −s
[ab]
ik (−nˆ). The axial-vector must be expressible in
terms of spherical harmonics of even order L. The respective states have S = 1 with odd
parity. For even J we have J = L i.e., JP = 0−, (2k)−. For odd J 6= 1, there are two states
J − 1, J +1, i.e., JP = 2(2k+1)−, finally for J = 1 we have one state with L = 0, JP = 1−.
Hence, the states allowed by s
[ab]
ik are
nJP = 0−, 1−, (2k)−, 2(2k + 1)−. (16)
After subtracting the states in Eq. (16) from those in Eq. (15), we have that the states
allowed for the anti-symmetric tensor S
[ab]
ik (nˆ) are only those with
nJP = 1−, (2k)−, 2(2k + 1)−, (17)
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We see that in this case, a massive particle with JP = 1− can decay into two gluons. Note
also that the states (2k + 1)±, (2k + 1)+ are completely forbidden. See the third line in the
Table.
JP
γγ 0−, (2k)−; 0+, 2(2k)+,(2k + 1)+
(gg)s 0
−, (2k)−; 0+, 2(2k)+,(2k + 1)+
(gg)a 1
±, (2k)−, 2(2k + 1)−
TABLE I: Allowed angular momenta for two massless vector fields. Here k ≥ 1, see the notation
in the text. γ denotes a photon, and g a gluon. (gg)s and (gg)a denotes symmetric and anti-
symmetric, respectively, color degrees of freedom in the two-gluon system. All values of JP that
do not appear in this table are strictily forbidden.
IV. CONCLUSIONS
Here we have shown all the allowed values for the angular momentum and parity of a
pair of on-shell gluons. These values include states with JP = 1±, (2k + 1)− which are
forbidden for the two photon system. We stress that our results are general since they rest
only on fundamental assumptions, namely the laws of addition of the angular momentum
and, for this reason, they are independent of the model and of the way the colored system
with spin-1 is formed i.e., if it happens at a given order of perturbation theory or even
non-perturbatively.
In fact, in Ref. [7] it was noted that the case of gg → (qq¯)8J=1 occurs at the 1-loop order.
At first sight, this can be considered as an evasion of the Landau-Yang theorem. However,
the same arguments which forbid that a two photon system have spin-1, allows that a two
(on-shell) gluon system can be in a spin-1 statemkh, if the color degrees of freedom of
the system are antisymmetric. Therefore, the process gg → (qq¯)8J=1 has a contribution in
which both gluons are on-shell. The fact that two gluons can be in a state with spin-1
was noted in Refs. [4], and in Ref. [5] it was found that the amplitude of this decay cannot
vanishes to all orders and the authors explain this result in terms of the emergence of higher-
dimension operators, radiatively generated in the effective action already at one-loop order.
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The important point of our work is that now we know what values of the angular momentum
and parity are allowed for these systems. Notice that only the case JP = (2k)− is allowed
for any two massless vector boson system.
Acknowledgments
The author would like to thanks to CNPq for partial support and to FAPESP for the
support under funding Grant No. 2014/19164-6.
[1] L. D. Landau, On the angular momentum of a system of two photons, Dokl. Akad. Nauk
Ser. Fiz. 60 (1948) 207.
[2] C. N. Yang, Selection Rules for the Dematerialization of a Particle into Two Photons, Phys.
Rev. 77 (1950) 242 .
[3] A. G. Shuvaev, V. A. Khoze, A. D. Martin and M. G. Ryskin, Inclusive prompt χc,b(1
++)
production at the LHC, Eur. Phys. J. C 75, no. 12, 616 (2015) [arXiv:1506.08618 [hep-ph]].
[4] W. Beenakker, R. Kleiss and G. Lustermans, No Landau-Yang in QCD, arXiv:1508.07115
[hep-ph];
[5] M. Cacciari, L. Del Debbio, J. R. Espinosa, A. D. Polosa and M. Testa, A note on the fate
of the Landau-Yang theorem in non-Abelian gauge theories, Phys. Lett. B 753, 476 (2016);
[arXiv:1509.07853 [hep-ph]].
[6] V. Pleitez, The angular momentum of two massless fields revisited, arXiv:1508.01394 [hep-ph].
[7] J. P. Ma, J. X. Wang and S. Zhao, Breakdown of QCD Factorization for P-Wave
Quarkonium Production at Low Transverse Momentum, Phys. Lett. B 737, 103 (2014)
doi:10.1016/j.physletb.2014.08.033 [arXiv:1405.3373 [hep-ph]].
8
